Convexity and weak closeness of the set of 8-superharmonic functions in a bounded Lipschitz domain in Ê n is considered. By using the fact of that 8-superharmonic functions are just the solutions to an obstacle problem and establishing some special properties of the obstacle problem, it is shown that if 8 satisfies 1 2 -condition, then the set is not convex unless 8.r / = Cr 2 or n = 1. Nevertheless, it is found that the set is still weakly closed in the corresponding Orlicz-Sobolev space.
Introduction
One can easily verify that 9 satisfies (S1)-(S3) too. We call .8; 9/ a complementary pair in Young's sense. The well-known Young's inequality shows that In this paper, we will consider the set of 8-superharmonic functions À 8 + . / (see (3.2) in Section 3 for the definition). We will prove that, if both 8 and 9 satisfy the 1 2 -condition (see Lemma 2.1 (iv) in Section 2 for details), then À The main idea to get the results is as follows: we use the fact that À 8 + . / is the set of solutions for obstacle problems. From this we get many important properties of a 8-superharmonic function.
Preliminary properties of Orlicz spaces
In this section, we present some basic properties of Orlicz spaces. For further information about Orlicz spaces, see [1, 4, 8] . The following results can be found in [4] . 
Then it follows that h = ∇u and 
the set of all 8-superharmonic functions, where
and we say that
To study the set À 
Then 8.|∇u k |/ dx ≤ C, for all k = 1; 2; : : : , for some constant C > 0. Since 8.0/ = 0 and 8 is convex,
Therefore, u k W 
On the other hand, it is easy to get u ≥ y from u k ≥ y. Consequently, u ∈ Ã.y/, and it follows from (3.6) and (3.7) that
that is, we get the existence of a solution. Since Ã.y/ is convex and G.·/ is strictly convex, such a solution must be unique.
Finally, to prove that u ≡ T 8 .y/ is characterized by (3.5), we modify the proof of Theorem 1.2 in [3, Chapter 1].
Let u ≡ T 8 .y/ be a solution of Problem (O) corresponding to y. Then, for all
Let Þ → 0 + , we get (3.5).
On the other hand, suppose that u ∈ Ã.y/ satisfies (3.5). Then, since G.·/ is convex, we have 1
Passing to the limit, we get
Therefore, u is a solution of Problem (O), and we get the proof. Now, let us state a simple lemma before we establish the basic properties of T 8 . PROOF. Without loss of generality, we suppose that a = 0, b = 0. We have
Moreover, in the second inequality, the equality holds if and only if a · b = |a| |b|, while in the last inequality, the equality holds if and only if |a| = |b|. Thus, (3.8) holds, and the equality holds if and only if a = b. Now, we give some basic properties of T 8 . 
(ii) Obviously, u ∈ Ã.u/. Therefore, Ã.u/ = ∅. On the other hand, for v ∈ Ã.u/, we have v ∈ Ã.y/. Thus, by the definition of u (see (3.4) ),
Consequently, u = T 8 .u/. That is, T 
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For any v ∈ Ã.y/, we have v − y ≥ 0, a.e. , and v − y ∈ W 1;8 0 . /. Thus,
Therefore, y = T 8 .y/ by Lemma 3.1.
∇u. 
On the other hand, since −1 8 v ≥ 0, and 
On the other hand,
+ . /. Finally, since u 1 ∈ Ã.u/, we get (3.9) from (3.4). where − > 0 is chosen such that
Convexity of À + ( )
in k , and k .x/ = 0, in Ê n \ 2k . Then k ¹ k can be looked as a distribution and a nonnegative measure in Ê n . In fact, k ¹ k = ¹ k , in . For j = 1; 2; : : : , set Á j .x/ = j Á. j x/, and1 kj ≡ . k ¹ k / * Á j (for the definition of convolution of generalized function, see [2] ). Obviously,1 kj .x/ ≥ 0. When j ≥ 12k, we have1 kj .x/ = 0, for all x ∈ 3k . Then, it is easy to prove that1 kj ∈ C ∞ c . / (if j ≥ 12k), and (as j → +∞)
Consequently, by Mazur's Theorem, we have1 kj ∈ C ∞ .¯ /, such that1 kj ≥ 0, and (as j → +∞)1 kj → ¹ k , strongly in W −1;9 . /. Thus, combining with (4.4), we have j k ≥ 1, such that v k ≡1 kjk → ¹, strongly in W −1;9 . /. Thus, we get the proof. Now, we give a result in case n = 1. On the other hand, suppose À 8 + . / is convex. We want to prove 8.r / ≡ Cr 2 , or equivalently, h.r / ≡ r ' .r / − '.r / ≡ 0. Without loss of generality, we suppose that 0 ∈ , and therefore there exists an a > 0, such that the ball B a = B a .0/ ⊂ . We will prove that h.r / ≡ 0 in two steps.
Step I. First, we claim that h does not change its sigh in [0; +∞/.
To prove this, suppose that r 0 > 0 satisfies h.r 0 / > 0. Then, by the continuity of h, there exists an " ∈ .0; r 0 /, such that h.r / > 0; ∀ r ∈ .r 0 − "; r 0 + "/:
where L and C 1 are two large positive numbers, such that |∇u 1 .x/| ∈ .r 0 − "; r 0 + "/; ∀ x ∈ ; (4.8) and u 1 .x/ ≥ 1, for all x ∈ .
Since u 1 ∈ C 2 . /, |∇u 1 | = 0 (see (4.8)), we have
It is easy to verify that 1u 1 = 0; in ; (4.10)
+ . / be the solution of the following equation
We can prove that, if we choose M sufficiently large, then
we have 0 ≤ −1 8 .tu 1 /; in B a ; ∀ t ∈ .0; 1/; (4.13) that is, (see (4.9) and (4.10)),
Therefore, from (4.8) and (4.11), we get h.r / ≥ 0, for all r ∈ .0; r 0 /. Similarly, if h.r 0 / < 0 for some r 0 > 0, then h.r / ≤ 0, for all r ∈ .0; r 0 /. Therefore, we must have h.r / ≥ 0; ∀ r ≥ 0; (4.14) or h.r / ≤ 0; ∀ r ≥ 0: (4.15)
Step II. By what we established in the first step, we can suppose that (4.14) holds without loss of generality. We claim that h ≡ 0. Otherwise, there exists an r 0 > 0, such that h.r 0 / > 0.
Let u 1 be defined by (4.7). Since h ≥ 0, we have (see (4.9)-(4.11))
Let M be large enough, and v M be defined by (4.12), such that Since h is continuous, there exists an " ∈ .0; r 0 /, such that h.r / > 0; ∀ r ∈ .r 0 − "; r 0 + "/:
Noting that 
Weak closeness of À + ( )
When is only a bounded domain, if W 
Generalization
In this section, we generalize the results obtained in Section 5. Let G : ×Ê n → Ê be a measurable function satisfying G.x; ·/ ∈ C 1 .Ê n / ∩ C 2 .Ê n \ {0}/; ∀ x ∈ ; (6.1) PROOF. We give a sketch of the proof. If b.x; u/ is independent of u, then the result can be obtained by a modification of the proof of Theorem 5.1.
In general, by (6.5), we can suppose that u k .x/ converges to u.x/ for almost all x ∈ . Thus, by Egorov's Theorem (see [7, Chapter 0], for example), for any " > 0, there exists a subset E " ⊂ , such that |E " | < " and u k .·/ converges to u.·/ uniformly in \ E " , where |E " | is the Lebesgue measure of E " . Let 
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